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Communications z Formula Sheet

Introduction
T {KFyy2yQa LYF2NNIGAZ2Y /LI OAGE ¢CKS2NBY
0 Maximum rate at which information can be transmitted across the channel without error
o C=Blog,{1+SNR
A C Information capacity
A B Channel bandwidth
A SNR  Received SNR

Continuous Wave Modulation

T  Amplitude modulation

0 Carrier wave C(t) =A COS(Z,OfCt)

0 Baseband signal m(t)

0 Modulated wave slt) = At[l+ Kam(t)] cod2/f t)

A K Amplitude sensitivity

0 Fourier transform S(f)Z%At[d(f - f)+d(f + fc)]+%KaA:[|\/|(f - f)+M(f + fc)]

I Linear modulation schemes

o st)= agtgcosgzc;fet)- gggt;s,in(}z,cgfft)

inphaseomponent  quadratureomponent

Modulation Scheme s(t) So(t)
DSBSC m(t) 0
SSB (upper -
(upper) %m(t) %Iﬂt) - Hilbert transform
SSB (! o
(lower) %m(t) ) %rE(t)
VSB of lower
%m(t) % mi(t) - Output of Hy(f)
VSB of upper 1 1
—mlt - —mijlt
~ ) ~ mif)
9 DSB-SC
baseband DSB-SC

signal product modulated
mit) modulator signal
s(t)

carrier
A, cos(2xf)

0 Modulated wave s(t) = A.m(t)cod2¢k t)
0 Fourier transform S(f)Z%Pt[M(f - f)+M(f + fc)]
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9 Coherent detection (synchronous demodulation)

s(t) product | V(t) | low-pass Vo(t)
modulator fiter [ "

IA’C cos(2nf t+d)

local
oscillator

1
0 After filtering A (t) = > AtAjm(t)COSf -- proportional to signal m(t)

0 Conditions:
A Must have constant phase error

A Maximum amplitude when . =0; Quadrature null effect when . =+7/2
9 Quadrature carrier multiplexing:
message
signal
m,(t) product (5 mult\ﬁlexted message
modulator ' signal s(t) mg(r;al
m,
product low-pass
A, cos(2nfl)e—9 modulator Siter Am,(t)
-90° phase multiplexed b 2cos(2aft)
shifter signal s(t)
: 1 -90° phase
A, sin(2xf ) shifter
product 2sin(2nf t
message | modulator (2nf d)
signal product low-pass Am,(t)
m,(t) modulator filter

1 sSsB

o )= Amlcodzrt.0)” ~ Arit)sin(2at.)

0 +for upper sideband, - for lower sideband
0 Uses product modulator then bandpass filter
0 Must have an energy gap

1 vsB
)

10 ———————————
I I
I I
05F———————— } }
I I
1 I
A

|
\
\
0 fo—ty fo fthy  f

0 Suppresses one sideband
0 Instead of using bandpass filter, uses filter H(f)
A 0dd symmetry around f,
A Linear phase response
1 Angle modulation

0 Modulated wave S(t) =A COS[(Ji (t)]

A ‘i(t)  angle of a modulated carrier
A A carrier amplitude

0 Instantaneous freq f, (t) = gmo fx (t) =

9 Phase modulation
o q)=2dtrkmt) A s)=Acodepttek,my)

A 27 ) angle of unmodulated signal
A kp phase sensitivity
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Frequency modulation

A t
o f(t)=f +kmlt) A st)=A, cosgz,ofct + 20Kk, it )dtg
A £ frequency of unmodulated carrier
A Kk frequency sensitivity

0 Instantaneous frequency for sinusoidal modulating signal r‘r(t) =A, COS(prmt):
fi (t) = fc + kf rr(t) = fc + kf AnCOS(Zﬁmt) = fc +Df COS(Zﬁmt)

A Nf = kAn maximum frequency deviation; proportional to amplitude of m(t)
0 Instantaneous phase

a(1)= 20 ()t = 228, + sin(2pk ) = 27kt + bsin(e, )

A i modulation index; maximum departure of * i(t) from 27 &
0 FMsignal

st) = A cod 24k t + bsin(2/,.t)]
AT F§ M nbkiowbant B slt)° A cod2cf t)- bA, sin(20f t)sin(2¢f  t)

M i f A me@ligible residual AM and harmonic PM
Al BB ™M wikbEhd AMy
T /I Na2yQa wdz S
o B,©20f +2f, =2DF G+ g
¢ b=
0 Approximates bandwidth of FM with single tone modulating signal at fi,
 Noise ¢ AWGN

0 Power spectral density %
0 Average noise power per unit bandwidth N,
0 Narrowband noise n(t)=n, (t)cod2¢f t)- Ny (t)sin(2¢f t)
0 Average power of noise NoB;
T SNR

o (SNR _ averagepowerof modulateds(t)
' averagepowerof filtered n(t)

o (SNA, = averagepowerof demodulatd m(t)
averagepowerof noiseatreceiveroutput
o (SNR. = averagepowerof modulatedst)
averagepowerof channehoisein messagsignalat receiverinp ut
0 Figure of merit FOM = SN—%
SNR

I Coherent detection
0 Amplitude modulation with suppressed carrier

W
0 Average power of message signal P= ﬁN Su (f )df

1
0 Average power of DSB-SC modulated signal ECzﬂzP
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CZAfP
0 SNR( for DSB-SC
2WN,
0 After coherent detector, quadrature component is rejected
1
0 Average power of message component in output ZCZAfp
9 Envelope detection
. o 1,
0 Average power of carrier component in signal E A
o 1,22
0 Average power of message in signal E AkP
2 2
1+k°P
0 SNR¢for AM AC(—E")
2WN,
f Noisein FM
3A’k?P
0 SNRo for FM SAkP —
2N W
2
0 SNR¢for FM A
2WN,
3kf2P
0 FOM for FM W2
Pulse Modulation
9 Definitions
o g(t) an analog signal with finite energy
o T sampling period (s)
o fg sampling rate
0 g(nTy instantaneous sample of g(t)
0 alt) ideal sampled signal
9 Pulse amplitude modulation (PAM)
s o<t<T

o st)= 3 mnT)ht- nT))

n=- o

=
—_
~—
I
—) ==
N

0 otherwise

I Quantisation noise

0 Q=McV
A Q quantisation noise
A ™M continuous sample
A v quantised value
2
0 Step size of quantiser D= %
Fl D << D
0 Probability density function of Q fo (q) =ip 2 9 2
10 otherwise

o

t=0t=T,m,(t)= § mnT,)d(t- nT,)

n=- o
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1 PCM

D D
0 Variance of Q st % dq= % 2dg=—
Q e[Q ] ) q= /2q q 12
P _a3P @
0 SNRg of quantising — =& 822R
SQ CMMhax =+
A R= log,lL number of bits per sample
. - E,
0 Average probability of symbol error in binary PCM depends on —
0

A B transmitted signal energy per bit
AN, noise spectral density
1 DM
, :
0 Error signal e[n] = n{n]- mq[n- 1]
0 Quantised e[n] eq[n] = Dsgr(e[n])
0 Output of DM m,[n]=my[n- 1]+e,[n]
0 Slope overload distortion occurs when slope overload: E < ma){w‘
T, dt
T DPCM
|:::‘%’\E£’| quantizer q{n]—‘i encoder |%p::2d
pﬁiﬂfn *+z DPCM " dacoder | o e
m[n] transmitter
0 Prediction error e[n] = n'{n]- rl?[n]
0 Quantiser output €, [n] = e[n] + q[n]
A qln] guantisation error
0 Quantised samples mq[n] rﬁn] q[ ] n] e[n]+q[n]
su 85 B8 (sn
0 SNR, for DPCM Y ?55—9 8 -(SNR,

2

> > > >
1 rn,:,o,;z‘

variance of input signal m[n]

variance of quantisation error q[n]

variance of prediction error

processing gain of the differential quantisation; gain in SNR due to quantisation if > 1

Baseband Pulse Transmission

I Matched filter
Hoof)=kG

(f)er 12 for real signals, Hopt(f )=kdT - t)

Page 5 of 10



ELEC3505 - Communication Edmund Tse 2008

2
0 Peak pulse SNR h= |g° ('2|')|
E[n?(t)
A 19,2 instantaneous power of output pulse signal
A Hnit)] expected average output noise power
o a.l)=RH(e(e ar ¥ ()" =[f H(1)a(1)e

0 Noise psd SN(f)=%|H(f)|2
2 ~ Ny & 2
o E(t)]=7 s.(f)df =2 H( ) of

o { OKg I NI Q&cif R ¢bBpliexdflinétidngi. &(x) and . ,(x) satisfy 2 conditions:
ﬁ|f1(x)|2dx< o and ﬁ|f2(x)|2dx< o
e} 2 o o
then ‘ﬁ £, (x)f, (x)‘ ¢ f, I, (<) dxfy, IF (x) dx

Use this to find the optimal filter

0 Output
A Fourier transform G,(f)=H Opt(f) (f)=kG (f)&(f)e !> = k|G( X 1T
A Inverse fourier go(t):ﬁGo(t)e‘z’”df :kr'1|G(f)| df
A RayleighQd Sy SNE2 B aiuite [ [G(f) df
A g,(t)=kE
o El)= N° A G(f) df = k'\;oE
0 N = (k ) =2£
s N
c 2 2
| Error rate due to noise
0 Complementary error function erfc(u) iﬁ
L
0 Polar NRZ
) 1 aA+/
A B,=—pn € dz——erfcae—o
\/; ( +/)/\/N0/b 2 O/T o
1 = 2 1 é A-/ Q
A R,=—q e’ dz=-erfc2 ——=9
n= T Mo RN T o
aa-/ 0
A AveragesymbolerrorprobabilitnysZR)HO+I31P01_P fcaeuo E Cf'fu‘.?
2 e, 0 2 BN, T, 0
i : _ N, aRa
A Optimum threshold I log & 8
4AT, “¢R =
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; 1 a [E, 6
A For binary symmetric channel (P, = P, = 0.5) P, = erfcae—o fC& N 0
¢V No

2 No/T, 2 2" ks
1 B=AT, transmitted signal energy per bit
9 Inter-symbol interference
0 After transmit filter st)=4 agft- kT,)
k
0 Receive filter output y(t) =g a, p(t - k'I[))+ n(t)
k
A > scaling factor to account for amplitude change during transmission
A n(t) noise component
0 Condition on P for zero ISI aP(f-nR)=
L wet<wf 1 ata
0 Ideal Nyquist channel has P(f ) =1 2W (j=——rectze—o0
1
g — 0¢|f|¢ f,
3 Y
11¢  éo(fl-wW
0 Raised cosine spectrum P(f ) = { —Fl- sin /Uq | )$ fe|flec2W- f
T4\NI g2W - 21, ¢
I 0 [f|2 2W- f,
|‘
. f,
A Roll-off factor a=1-—
W
A Transmission bandwidth B, =2W- f, =W(l+a)
Signal Space Analysis
I Geometric representation of signals
N e 0¢teT
0 Set of signals S (t) =a s fj (t) i. generated by synthesizer
1 i1=12,....M
I al=12,....M
0 Coefficients of expansion SRR (t)fj (t)dt i. 12N calculated by analyser
i]= yeeey
0 Real-@l f dzZSR o0 aA & ¥ dzy O (Prbdicy df any 2 bdsebldKroredWdi délga v;2 NJIY |
0 length of a signal vector s ||S||
N
0 Inner product of § ||§||2 = STS =1 sz
j=1
0 Energy of signal S(t) of Ts E = "T'Sf(t)dt = Jgg_ ( )Llea S/ ( )gdt =||§||2
-t e SRty
~ T
0 Inner product of 2 signals RS (t)51< (t)dt =SS
0 Schwarz inequality "E s,(t) *(t) o ) dt s (t dt8
il ¢ 87 I5.0)" B s, ()
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9 Likelihood functions

0 Characterise AWGN L( )_ f (X| m) i=12,...,M Likelihood function
0 Log-likelihood function I(m)=logL(m)
0 For AWGN channel |(m)=- —a ()(I sj) i=12,...M

N0 j=1
9 Probability of error

M
0 Finite union of events over-bounded by sum of constituents F{a(m ) ¢ a P(Ak) i=12,...M
k=1, i

MM
0 Bound for average probability of error P, = a p.P. e(m)¢ia a p,erfcae'—ko

i=1 22 ke i @
A p probability of transmitting symbol mi
A dy Euclidian distance between s and 5, = | |S ¢ ] |
1M
o P¢= > a erfc%'—ko for circular symmetric signal constellation since all Ps(m) is the same
k=1 i

Passband Data Transmission
I Passband modulation

0 Modulated passband signal s(t) = s, (t)cod24 t)- ( )sin(2¢f,T) = Relgt i J

A T(t)=s(t)+ jsalt) complex envelope of S(t) ¢ passband signal
A st), Salt), T(t) low-pass signals uniquely defined by s(t) and f;
o S (f ) Passband power spectral density (of T (t))
1 . .
0 Ss(f ) = Z[SB(f - fc)+ SB(f + fc)] Power spectral density of S(t) ¢ frequency shifted Sy(f)
. . _ RB
0 Bandwidth efficiency = bits/s/Hz

9 Coherent BPSK

point

o WSLINBaSyill (A2 tP—T\/—E&éOS(ZDQt&p)G:H\%—COS(pr t)
B

A energy transmitted per bit
A f =

c Ne integer to make integer number of cycles of carrier wave

P

0 Function of unit energy fl(t)=\/_|_zcos(2pfct) OCteT,
b
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o}

Q
0 Probability of error P = Po; = Py = —erfcE E Q
2 N, 0
12
0 Power spectral density SB(f ) - 2B, sin (’O;rb f ) = 2E,sinc (Tb f )
(o, 7)
1 QpsK
b,
btz VE/2 Jpom1
00 ’ N ‘ 10
-JE :\ ‘JE 2 o
01a : 11
pz
. _I\fcosgzpf (2i - g oeteT 1234

otherwise

0 \/7 cosgz Iacos(Z,oIEt \/7 SlngZ = sm(2pf t)

A Trigonometric identity to break down into two orthonormal basis functions

0+ erfc 88

0 Probability of correct P.=1- erfoae N 8
0+

A E signal energy per symbol (has 2 blts)

alE E
0 Average probability of error P,° erfoae forlarge — > 4
& 2N, 9 N,

E
0 In-phase (and ¢ve of quadrature component) g(t) =1| \/; O¢teT
t 0 otherwise

0 Sumofin-LIKI a8 | yR I dz R NI S (ENSRE sine®R6) x 4E, sinc®(2T, f)
 Offset QPSK

OO

f()=\fcos(2pft) 0CteT
fz(t)=\Esin(2pfct) %d:td)%

0 Delayed quadrature component

T M-ary PSK

0 t ‘/2Eco&pft+ 8

alE _ apad
0 Probability of error P, °© erfox N Sln%og -- considers only deviation onto neighbours
cVNo CM-=
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0 Power spectra SB(f ) =2E sincZ(Tf) =2E log, M SinC2(be log, I\/I)
0 Bandwidth B:E = 2R,
T log,M
0 Bandwidth efficiency r= % = %Iogz M
T M-ary QAM
2
)= |2 codort)
o] 5 octeT = 2D M-ary PAM
7.00)= 2 sinl2ets)
0 Transmitted M-ary QAM signal S, (t) :W/ZTEOak cod2¢f t)- szTEobk sin(2¢f t) octeT
0 Square constellation
) 3 5 .a Q
A Probability of symbol error P° 2&- igerf@ 58
(; N+ (; 0=
I Coherent FSK
€ |2E,
| [———coq2uft) OCteT, ,
o s(t)=1yT, d2r4Y) ; =12
i 0 otherwise
. . e/E, @ e0g
0 Signal space for binary S =é U S, =é U
é 0 ¢ &VEs G
a Q
0 Probability of error Pe = Pio= Por = lerfoae 53
2 e N, @
é o ~ o ~
0 Baseband psd sB(f):E 05 - ig.,.d% L L $+ 8E, cos’ (0T, fz)
ve ¢ 2h= © 2y ,02(4Tb2f2-1)

1 Continuous phase FSK

2F,

b

0 Express as angle modulated signal S(t) = /% COS[Z,UfCt] +q(t)
b

A qft)=q(0)° ™

C'b

3 /% cod2uft +g(0)] Forsymbol
b

0 Fipbase att=0

S coinfzt + q(O)] ForsymboD

0¢teT,

o] A .
§ WF2N) aSyRAWHE2 MOM(SYRAY3I ant

A h deviation ratio ¢ difference between f; and f,, normalised with bit rate 1/T,

T Minimum shift keying

o )= \/?I?’cos[q(t)]cos(z,ofct)- \/??sin[q(t)]sin(z,dct) Pe:%erfc%/ﬁizg
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