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Communications ɀ Formula Sheet 

Introduction  
¶ {ƘŀƴƴƻƴΩǎ LƴŦƻǊƳŀǘƛƻƴ /ŀǇŀŎƛǘȅ ¢ƘŜƻǊŜƳ 

o Maximum rate at which information can be transmitted across the channel without error 

o ( )SNRBC += 1log2  

Á C Information capacity 

Á B Channel bandwidth 

Á SNR Received SNR 

Continuous Wave Modulation  
¶ Amplitude modulation 

  

o Carrier wave  () ( )tfAtc cc p2cos=  

o Baseband signal  ()tm  

o Modulated wave () ()[ ] ( )tftmKAts cac p2cos1+=  

Á Ka Amplitude sensitivity 

o Fourier transform () ( ) ( )[ ] ( ) ( )[ ]cccaccc ffMffMAKffffAfS ++-+++-=
2

1

2

1
dd  

¶ Linear modulation schemes 

o () () ( ) () ( )
)) ()) '&)) ()) '&

component quadraturecomponent phasein 

2sin2cos tftstftsts cQcI pp -=  

Modulation Scheme sI(t) sQ(t) 

DSB-SC m(t) 0 
SSB (upper) 

()tm
2

1
 ()tmĔ

2

1
 - Hilbert transform 

SSB (lower) 
()tm

2

1
 ()tmĔ

2

1
-  

VSB of lower 
()tm

2

1
 ()tm¡

2

1
 - Output of HQ(f) 

VSB of upper 
()tm

2

1
 ()tm¡-

2

1
 

¶ DSB-SC 

  

o Modulated wave () () ( )tftmAts cC p2cos=  

o Fourier transform () ( ) ( )[ ]ccc ffMffMAfS ++-=
2

1
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¶ Coherent detection (synchronous demodulation) 

  

o After filtering  () () fcos
2

1
tmAAtv cco

¡=  -- proportional to signal m(t) 

o Conditions: 

Á Must have constant phase error  ˒

Á Maximum amplitude when  ˒= 0; Quadrature null effect when  ˒= ± /̄2 

¶ Quadrature carrier multiplexing: 

 
¶ SSB 

o () () ( ) () ( )tftmAtftmAts cccc pp 2sinĔ
2

1
2cos

2

1
°=  

o + for upper sideband, - for lower sideband 

o Uses product modulator then bandpass filter 

o Must have an energy gap 

¶ VSB 

  
o Suppresses one sideband 

o Instead of using bandpass filter, uses filter H(f) 

Á Odd symmetry around fc 

Á Linear phase response 

¶ Angle modulation 

o Modulated wave () ()[ ]tAts ic qcos=  

Á i̒(t) angle of a modulated carrier 

Á Ac carrier amplitude 

o Instantaneous freq () ()
()

dt

td
tftf i

t
t

i

q

p2

1
lim

0
== D

­D
 

¶ Phase modulation 

o () ()tmktft pci +=pq 2   Ą () ()[ ]tmktfAts pcc += p2cos  

Á 2ˉŦc(t) angle of unmodulated signal 

Á kp phase sensitivity 
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¶ Frequency modulation 

o () ()tmkftf fci +=   Ą () ()
ùú
ø

éê
è += ñ

t

fcc dmktfAts
0

22cos ttpp  

Á fc frequency of unmodulated carrier 

Á kf frequency sensitivity 

o Instantaneous frequency for sinusoidal modulating signal () ( )tfAtm mm p2cos= : 

() () ( ) ( )tffftfAkftmkftf mcmmfcfci pp 2cos2cos D+=+=+=  

Á ɲf = kfAm maximum frequency deviation; proportional to amplitude of m(t) 

o Instantaneous phase 

() () ( ) ( )tftftf
f

f
tfdtft mcm

m

c

t

ii pbppptpq 2sin22sin22
0

+=
D
+== ñ  

Á  ̡ modulation index; maximum departure of i̒(t) from 2ˉŦmt 

o FM signal 

() ( )[ ]tftfAts mcc pbp 2sin2cos +=  

Á ʲ ғғ м ǊŀŘƛŀƴ narrowband FM () ( ) ( ) ( )tftfAtfAts mcccc ppbp 2sin2sin2cos -º  

¶ ʲ ғ лΦо Ą negligible residual AM and harmonic PM 

Á ʲ ҔҔ м ǊŀŘƛŀƴ wideband FM 

¶ /ŀǊǎƻƴΩǎ wǳƭŜ 

o öö
÷

õ
ææ
ç

å
+D=+Dº
b

1
1222 fffB mT  

o Approximates bandwidth of FM with single tone modulating signal at fm 

¶ Noise ς AWGN 

o Power spectral density    
2

0N
 

o Average noise power per unit bandwidth 0N  

o Narrowband noise  () () ( ) () ( )tftntftntn cQcI pp 2sin2cos -=  

o Average power of noise    TBN0  

¶ SNR 

o ( )
()
()tn filtered ofpower  average

ts modulated ofpower  average
=ISNR  

o ( )
()

outputreceiver at  noise ofpower  average

tm ddemodulate ofpower  average
=OSNR  

o ( )
()

inputreceiver at  signal messagein  noise channel ofpower  average

ts modulated ofpower  average
=CSNR  

o Figure of merit  
C

O

SNR

SNR
FOM=  

¶ Coherent detection 

o Amplitude modulation with suppressed carrier 

o Average power of message signal ()ñ-=
W

W
M dffSP  

o Average power of DSB-SC modulated signal PAC c

22

2

1
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o SNRC for DSB-SC  
0

22

2WN

PAC c  

o After coherent detector, quadrature component is rejected 

o Average power of message component in output PAC c

22

4

1
 

¶ Envelope detection 

o Average power of carrier component in signal 2

2

1
cA  

o Average power of message in signal  PkA ac

22

2

1
 

o SNRC for AM  
( )

0

22

2

1

WN

PkA ac +  

¶ Noise in FM 

o SNRO for FM  
3

0

22

2

3

WN

PkA fc
 

o SNRC for FM  
0

2

2WN

Ac  

o FOM for FM  
2

23

W

Pk f
 

Pulse Modulation  
¶ Definitions 

o g(t)  an analog signal with finite energy 

o Ts  sampling period (s) 

o fs  sampling rate 

o g(nTs)  instantaneous sample of g(t) 

o g (ɻt)  ideal sampled signal 

¶ Pulse amplitude modulation (PAM) 

o () ( )( )ä
¤

-¤=

-=
n

ss nTthnTmts   () () ( )( )ä
¤

-¤=

-=
î
í

î
ì

ë

==

<<

=
n

ss nTtnTmtmTtt

Tt

th dd,

otherwise0

,0
2

1

01

 

¶ Quantisation noise 

o Q = M ςV 

Á Q quantisation noise 

Á M continuous sample 

Á V quantised value 

o Step size of quantiser   
L

mmax2
=D  

o Probability density function of Q ()
îí

î
ì

ë D
<<

D
-

D=

otherwise0
22

1
q

qfQ
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o Variance of Q  [ ] ()
12

1 2
2

2

22

2

222 D
=

D
=== ññ

D

D-

D

D-
dqqdqqfqQe QQs  

o SNRO of quantising R

Q m

PP 2

2

max

2
2

3
ö
ö
÷

õ
æ
æ
ç

å
=

s
 

Á R =  log2L number of bits per sample 

¶ PCM 

o Average probability of symbol error in binary PCM depends on 
0N

Eb  

Á Eb transmitted signal energy per bit 

Á N0 noise spectral density 

¶ DM 

  

o Error signal  [] [] [ ]1--= nmnmne q  

o Quantised e[n]  [] []( )neneq sgnD=  

o Output of DM  [] [ ] []nenmnm qqq +-= 1  

o Slope overload distortion occurs when slope overload: 
()

dt

tdm

Ts

max<
D

 

¶ DPCM 

    

o Prediction error  [] [] []nmnmne Ĕ-=  

o Quantiser output [] [] []nqneneq +=  

Á q[n] quantisation error 

o Quantised samples [] [] [] [] [] []nqnenmnenmnm qq ++=+= ĔĔ  

o SNRO for DPCM  ( )QP

Q

E

E

M

Q

M SNRG=
ö
ö

÷

õ

æ
æ

ç

å

öö
÷

õ
ææ
ç

å
=

2

2

2

2

2

2

s

s

s

s

s

s
 

Á M̀
2 variance of input signal m[n] 

Á Q̀
2 variance of quantisation error q[n] 

Á È
2 variance of prediction error 

Á GP processing gain of the differential quantisation; gain in SNR due to quantisation if > 1 

Baseband Pulse Transmission  
¶ Matched filter 

 () () fTj

opt efkGfH p2-*=  for real signals, () ( )tTkGfHopt -=  
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o Peak pulse SNR  
()

()[ ]tnE

Tgo

2

2

=h  

Á |go(T)|2 instantaneous power of output pulse signal 

Á E[n2(t)]  expected average output noise power 

o () ()() () ()()
2

222

ññ
¤

¤-

¤

¤-
=Ý= dfefGfHTgdfefGfHtg ftj

o

ftj

o

pp  

o Noise psd () ()20

2
fH

N
fSN =  

o ()[ ] () ()ññ
¤

¤-

¤

¤-
== dffH

N
dffStnE N

202

2
 

o {ŎƘǿŀǊȊΩǎ ƛƴŜǉǳŀƭƛǘȅ ς if  2 complex functions 1˒(x) and 2˒(x) satisfy 2 conditions: 

 () ¤<ñ
¤

¤-
dxx

2

1f  and () ¤<ñ
¤

¤-
dxx

2

2f   

then ()() () ()dxxdxxxx ñññ
¤

¤-

¤

¤-

¤

¤-
¢

2

2

2

1

2

21 ffff  

Use this to find the optimal filter 

o Output 

Á Fourier transform () ()() ()() () fTjfTj

opto efGkefGfkGfGfHfG pp 222 --* ===  

Á Inverse fourier  () () ()ñ ñ
¤

¤-

¤

¤-
== dffGkdfetGtg fTj

oo

22p
 

Á RayleighΩǎ ŜƴŜǊƎȅ ǘƘŜƻǊŜƳ () ()ññ
¤

¤-

¤

¤-
== dffGdttgE

22
 

Á () kEtgo =  

o ()[ ] ()
22

0202 EkN
dffG

kN
tnE == ñ

¤

¤-
 

o 
( )

00

2

2

max 2

2

N

E

ENk

kE
=

ö
ö
÷

õ
æ
æ
ç

å
=h  

¶ Error rate due to noise 

o Complementary error function  () ñ
¤
-=

u

z dzeu
22

erfc
p

 

o Polar NRZ 

Á 
( ) ö

ö

÷

õ

æ
æ

ç

å +
== ñ

¤

+

-

b
TNA

z

TN
dzeP

b
0

10

A
erfc

2

11

0

2 l

p l
 

Á 
( ) ö

ö

÷

õ

æ
æ

ç

å -
== ñ

¤

-

-

b
TNA

z

TN
dzeP

b
0

01

A
erfc

2

11

0

2 l

p l
 

Á Average symbol error probability
ö
ö

÷

õ

æ
æ

ç

å -
+
ö
ö

÷

õ

æ
æ

ç

å +
=+=

bb

e
TN

P

TN

P
PPPPP

0

1

0

0
011100

A
erfc

2

A
erfc

2

ll
 

Á Optimum threshold  öö
÷

õ
ææ
ç

å
=

1

00 log
4 P

P

AT

N

b

optl  
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Á For binary symmetric channel (P0 = P1 = 0.5) 
ö
ö

÷

õ

æ
æ

ç

å
=
ö
ö

÷

õ

æ
æ

ç

å
=

00

erfc
2

1A
erfc

2

1

N

E

TN
P b

b

e  

¶ Eb = A2Tb transmitted signal energy per bit 

¶ Inter-symbol interference 

o After transmit filter  () ( )ä -=
k

bk kTtgats  

o Receive filter output  () ( ) ()ä +-=
k

bk tnkTtpaty m  

Á  ˃ scaling factor to account for amplitude change during transmission 

Á n(t) noise component 

o Condition on P for zero ISI ( )ä
¤

-¤=

=-
n

bb TnRfP  

o Ideal Nyquist channel has () ö
÷

õ
æ
ç

å
=
îý

î
ü

û

îí

î
ì

ë

>

<<-
=

W

f
rect

WWf

WfW
WfP

22

1

0
2

1

 

o Raised cosine spectrum  ()
( )

î
î
î

í

î
î
î

ì

ë

-²

-¢¢
îý

î
ü
û

îí

î
ì
ë

ù
ú

ø
é
ê

è

-

-
-

¢¢

=

1

11

1

1

20

2
22

sin1
4

1

0
2

1

fWf

fWff
fW

Wf

W

ff
W

fP
p

 

Á Roll-off factor   
W

f11-=a  

Á Transmission bandwidth ( )a+=-= 12 1 WfWBT  

Signal Space Analysis 
¶ Geometric representation of signals 

o Set of signals   () ()
í
ì
ë

=

¢¢
=ä

= Mi

Tt
tsts

N

j

jiji
,...,2,1

0

1

f  generated by synthesizer 

o Coefficients of expansion ()()ñ
í
ì
ë

=

=
=

T

jiij
Nj

Mi
dtttss

0 ,...,2,1

,...,2,1
f  calculated by analyser 

o Real-ǾŀƭǳŜŘ ōŀǎƛǎ ŦǳƴŎǘƛƻƴǎ ˒ ŀǊŜ ƻǊǘƘƻƴƻǊƳŀƭ (Product of any 2 bases = Kronecker delta iɻj) 

o length of a signal vector s s  

o Inner product of si  ä
=

==
N

j

iji

T

ii ssss
1

22
 

o Energy of signal si(t) of T s () () () 2

0
11

0

2

i

T N

k

kik

N

j

jij

T

ii sdttstsdttsE =ù
ú

ø
é
ê

è
ù
ú

ø
é
ê

è
== ñ ääñ

==

ff  

o Inner product of 2 signals ()() k

T

i

T

ki ssdttsts =ñ0  

o Schwarz inequality  ()() () () ö
÷
õæ

ç
åö
÷
õæ

ç
å¢ ñññ

¤

¤-

¤

¤-

¤

¤-

* dttsdttsdttsts
2

2

2

1

2

21  
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¶ Likelihood functions 

o Characterise AWGN  ( ) ( ) MimxfmL ixi ,...,2,1| ==  Likelihood function 

o Log-likelihood function  ( ) ( )ii mLml log=  

o For AWGN channel  ( ) ( )ä
=

=--=
N

j

ijii Misx
N

ml
1

2

0

,...,2,1
1

 

¶ Probability of error 

o Finite union of events over-bounded by sum of constituents ( ) ( )ä
¸=

=¢
M

ik

ikie MiAPmP
1

,...,2,1  

o Bound for average probability of error ( )ä ää
= = ¸=

ö
ö

÷

õ

æ
æ

ç

å
¢=

M

i

M

i

M

ik

ik
iieie

N

d
pmPpP

1 1 1 02
erfc

2

1
 

Á pi probability of transmitting symbol mi 

Á dik Euclidian distance between si and sk, = ||si ς sk|| 

o ä
¸=

ö
ö

÷

õ

æ
æ

ç

å
¢

M

ik

ik
e

N

d
P

1 02
erfc

2

1
 for circular symmetric signal constellation since all Pe(m) is the same 

Passband Data Transmission  
¶ Passband modulation 

o Modulated passband signal () () ( ) () ( ) ()[ ]tfj

cQcI
cetsTftstftsts
ppp 2ĔRe2sin2cos =-=  

Á ǐ(t) = sI(t) + jsQ(t) complex envelope of s(t) ς passband signal 

Á sI(t), sQ(t), ǐ(t)  low-pass signals uniquely defined by s(t) and fc 

o ()fSB      Passband power spectral density (of ǐ(t)) 

o () ( ) ( )[ ]cBcBS ffSffSfS ++-=
4

1
 Power spectral density of s(t) ς frequency shifted SB(f) 

o Bandwidth efficiency  
B

RB=r bits/s/Hz 

¶ Coherent BPSK 

  

o wŜǇǊŜǎŜƴǘŀǘƛƻƴ ƻŦ ǎȅƳōƻƭ άмέ () ( )tf
T

E
ts c

b

b p2cos
2

1 =  

o wŜǇǊŜǎŜƴǘŀǘƛƻƴ ƻŦ ǎȅƳōƻƭ άлέ () ( ) ( )tf
T

E
tf

T

E
ts c

b

b
c

b

b ppp 2cos
2

2cos
2

2 -=+=  

Á Eb energy transmitted per bit 

Á 
b

c
c

T

n
f =

 

nc integer to make integer number of cycles of carrier wave 

o Function of unit energy  () ( ) bc

b

Tttf
T

t ¢¢= 02cos
2

1 pf  
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o Probability of error  
ö
ö

÷

õ

æ
æ

ç

å
===

0

1001 erfc
2

1

N

E
ppp b

e  

o Power spectral density  ()
( )

( )
( )fTE

fT

fTE
fS bb

b

bb
B

2

2

2

sinc2
sin2

==
p

p
 

¶ QPSK 

  

o () ( )
4,3,2,1

otherwise0

0
4

122cos
=

î
í

î
ì

ë
¢¢ù

ú

ø
é
ê

è
-+

= i
Ttif

T

E

ts c
i

p
p

 

o () ( ) ( ) ( ) ( )tfi
T

E
tfi

T

E
ts cci p

p
p

p
2sin

4
12sin

2
2cos

4
12cos

2
ù
ú

ø
é
ê

è
--ù

ú

ø
é
ê

è
-=  

Á Trigonometric identity to break down into two orthonormal basis functions 

o Probability of correct  
ö
ö

÷

õ

æ
æ

ç

å
+
ö
ö

÷

õ

æ
æ

ç

å
-=

0

2

0 2
erfc

4

1

2
erfc1

N

E

N

E
Pc  

Á E signal energy per symbol (has 2 bits) 

o Average probability of error 
ö
ö

÷

õ

æ
æ

ç

å
º

02
erfc

N

E
Pe  for large 1

0

>>
N

E
 

o In-phase (and ςve of quadrature component) ()
îí

î
ì

ë
¢¢

=

otherwise0

0 Tt
T

E
tg  

o Sum of in-ǇƘŀǎŜ ŀƴŘ ǉǳŀŘǊŀǘǳǊŜ ǇǎŘΩǎ  () ( ) ( )fTETfEfS bbB 2sinc 4sinc 2 22 ==  

¶ Offset QPSK 

o Delayed quadrature component  

() ( )

() ( )
2

3

2
2sin

2

02cos
2

2

1

T
t

T
tf

T
t

Tttf
T

t

c

c

¢¢=

¢¢=

pf

pf
 

¶ ˉκп ǎƘƛŦǘŜŘ vt{Y 

  
¶ M-ary PSK 

o () ( )ö
÷

õ
æ
ç

å
-+= 1

2
2cos

2
i

M
tf

T

E
ts ci

p
p  

o Probability of error  
ö
ö

÷

õ

æ
æ

ç

å
ö
÷

õ
æ
ç

å
º

MN

E
Pe

p
sinerfc

0

 -- considers only deviation onto neighbours 
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o Power spectra   () ( ) ( )MfTMETfEfS bbB 2

2

2

2 logsinc log2sinc 2 ==  

o Bandwidth   
M

R

T
B b

2log

22
==  

o Bandwidth efficiency  M
B

Rb
2log

2

1
==r  

¶ M-ary QAM 

o 

() ( )

() ( )
Tt

tf
T

t

tf
T

t

c

c

¢¢

=

=

0

2sin
2

2cos
2

2

1

pf

pf
 = 2D M-ary PAM 

o Transmitted M-ary QAM signal () ( ) ( ) Tttfb
T

E
tfa

T

E
ts ckckk ¢¢-= 02sin

2
2cos

2 00 pp  

o Square constellation 

Á Probability of symbol error 
ö
ö

÷

õ

æ
æ

ç

å
ö
÷

õ
æ
ç

å
-º

0

0erfc 
1

12
N

E

M
Pe  

¶ Coherent FSK 

o () ( )
2,1

otherwise0

02cos
2

=
î
í

î
ì

ë
¢¢

= i
Tttf

T

E

ts bi

b

b

i

p
 

o Signal space for binary  ù
ú

ø
é
ê

è
=ù

ú

ø
é
ê

è
=

b

b

E
s

E
s

0

0
21  

o Probability of error  
ö
ö

÷

õ

æ
æ

ç

å
===

0

0110 erfc
2

1

N

E
ppp b

e  

o Baseband psd   ()
( )

( )2222

2

14

cos8

2

1

2

1

2 -
+ù
ú

ø
é
ê

è

ö
ö
÷

õ
æ
æ
ç

å
++ö

ö
÷

õ
æ
æ
ç

å
-=

fT

fTE

T
f

T
f

T

E
fs

b

bb

bbb

b
B

p

p
dd  

¶ Continuous phase FSK 

o ()
()[ ]

()[ ]
î
î

í

î
î

ì

ë

+

+

=

0 symbolFor 02cos
2

1 symbolFor 02cos
2

2

1

qp

qp

tf
T

E

tf
T

E

ts

b

b

b

b

 ʻόлύ = phase at t = 0 

o Express as angle modulated signal () [ ] () bc

b

b Ttttf
T

E
ts ¢¢+= 02cos

2
qp  

Á () () ö
ö
÷

õ
æ
æ
ç

å
°=

bT

ht
t

p
qq 0  Ψ+Ω ŦƻǊ ǎŜƴŘƛƴƎ άмέ Ψ-Ω ŦƻǊ ǎŜƴŘƛƴƎ άлέ 

Á h deviation ratio ς difference between f1 and f2, normalised with bit rate 1/Tb 

¶ Minimum shift keying 

o () ()[ ] ( ) ()[ ] ( )tft
T

E
tft

T

E
ts c

b

b
c

b

b pqpq 2sinsin
2

2coscos
2

-=    
ö
ö

÷

õ

æ
æ

ç

å
=

0

erfc
2

1

N

E
P b

e  


