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MATH1905 Statistics Lecture 3

Lecture 3 (P&Q pp. 20-24)

Sample mean and variance

For a sample @y, x5, ..., x, we define the: Mean (a
measure of location)

5= g S
1=1

n
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Variance (a measure of spread)

=) (@—2)(n—1)

For calculations, use

o2 — Z?ﬂ wzz — (Z?:1 z;)?/n

I n—1

Standard deviation s = v/ s?(a measure of scale)



this proof fit on the RHS of p.15 Lecture 3

Proof of the computing formula

Sex = Z (x; — T)* = Z (xZ + (Z)? — 2x;T)

e 2

- z”: ri+nx(T)*—2 zn:(a:z:i)
i=1 i=1

n

Sex = Zx?—l—nx(a_c)z—Za_c = 2::1322—77,(:1_8)2
i=1

=1
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Mean and variance from a frequency table Suppose
n observations take /= different values , &1, ..., .

say,with frequencies f1, ..., fr,where
Z?:l fj — n.Then

_ 1
w_ﬁz fix

Sl — (5, fimg)?/n

n—1

Va
|
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Example: data set 2

r;=¢| 0 1 2 3 4 5 6 7 8 9 10
fi | 57 203 383 525 532 408 273 139 45 27 16

9
57X 04203 X1+383X24+525X3+532X4+408X5+4+273X6+139XT7+4+45X8+27X9+16X10
574+203+---+16

10086
2608

= 3.8673

S

?Zlfjazﬁ = 203 X 124+ 383 X 22+ 525 X 324+ 532 X 424408 X
524+273 X 6°+139X 7°+45x 8% 4+27x 92416 X 10? = 48478
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, 48478 — 100862/2608
s? = — 3.6333,
2607

Conclusion: the sample mean is * = 3.8673 and the sample s.d. is
s = 1/3.6333 = 1.9601
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Approximations for grouped data |If we assume that the original
observations are evenly spread over each interval, with interval centres wq, ..., ug
say, and corresponding frequencies: fi, ..., fi. we can approximate Z and s by

2 and si where

S fiud — (5 fiug)?/n

1 k
— fiu; and s? = — J

Example: rivets (Dataset 3; See P&Q p. 21):

3 2x13.12+1 x13.17+4+ ---+ 2 X 13.67 2683.1
200 200

2% 13.12%2 4+ ... +2 x 13.67% — 2683.12/200
s? = T T / — 0.01201482

u 199
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Computational shortcuts
It's easy to check that if x; = o 4+ "d;, 1 = 1,2,...,n then the mean and
variance of the x's are

T=o+hd and s®=1/"s?

Example For data x = 1010, 1030, 1040, 980, 990, let

and
d=(1+34+4—-2-1)/5=1,
, 1+9+4+164+4+1—-25/5
Sg = y = 6.5,
T — 4+ 10x1=1010 and s?= 10%? x 6.5 = 650.

The sample s.d. is s = v/s82 = 25.4951



this prood fits on the RHS of p.22 Lecture 3

Proof (change of scale and location) x; = a + hd;
» (a+hd)=nxa+>)» (hd))=na+h) d;
=1 =1 =1

i:iwi/n:a—l—hidi/n:a—l—hci
i=1

1=1

S = i(wi—if — i(a—l—hdi—(a—l—hi)f — i (hd;—hd)?

1=1

Swze = h? ) (d; — d)® = h*Saq

1=1
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Median or mean?Both the median and the mean are measures of location, but
which is preferable?

For symmetric data, the mean is usually less variable from sample to sample than
the median.

For skewed data, the median is a better measure of location.

The median is not affected as much as the mean by outliers. This property of the
median is known as ‘robustness’.

The mean is easier to compute than the median and is much easier to handle
theoretically.

Note also that the sample standard deviation s and the IQR (= Q3 — Q1) are

both measures of spread.
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Lecture 4 Bivariate data. Statisticians often investigate a

bivariate sample

(1, Y1), (225 Y2)s.. .5 (Tn, Yn), either with the purpose of

measuring the strength of the relationship or of specifying the

relationship.
T | Cholesterol Level Inflation rate Weight
y | Blood Pressure  Unemployment Height
The simplest presentation of bivariate data is a of the

points (x;, y;), ¢t = 1,...,n,What do the following plots reveal?

Figure 1.8 Typical Scatterplots
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Example 1
Produce a scatterplot for the following data (x;, ¥;). (2,2) (3,4) (7,9) (4,1)
(4,2) (4,4) (3,7) (7,5) (8,10) (1,3) (5,2) (5,9) (2,3)

10! .

O NN PO
*

023 5 10
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Correlation If a linear relationship is suggested by the scatterplot,
it would be useful to have a measure of the strength of the linear

relationship. The correlation coefficient, 7, is
R Smy
\/Swm Syy
n
Szy = Z (z; — ) (ys — Y)
i=1
n n
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Calculation formulae

Swy — Zf?zl LilYi — % Z?Zl Ly Z?Zl Yi
S:I::B — Z?:l mz2 i %(Z?ﬁ aj’i)z

> yi — (i vi)?

S’y’y




fits on p.23,24 (bottom) Lecture 4/5

Example 1 (cont’)n = 13 pairs
(zi,¥:)=(2.2) (34) (7.9) (41) (42) (44) (3.77) (7.5) (810) (1,3) (52)
(59) (23)

—=—2X24+3X44+T7TX94+4%Xx1+4%x2+4x4+
IXTH+HTXH54+8X104+1X3+5X24+5X94+2Xx3 =

24+34+7+44+44+443+7+8+14+54+5+4+2 =

|
N
+
+
+
+
+
+
+

10+34+2+943 =

22437477442+ 4°+4°4-3° 4+ T2+ 8° 417452+ 5°4-2° =



fits on p.23,24 (bottom) Lecture 4/5

2°44°4-9° 417422447+ 74524107+ 37+2%4-9%4-3% =

— Z?zl LilYi — %Z T;) Yi — — 1—13 X = 48.92
=D i1 T} (Zz L)% = — 552/13 = 54.31
=3 2 —1(r, v:)? =399 — 612/13 = 112.77

= =502 — 0.625 (3dp)

T \/SaxSyy  V5431XVI112.77
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Interpretation of correlation The correlation coefficient ~measures
the strength of the linear relationship between the points {(x;, y;),
t =1,...,n}.A value close to &1 indicates that nearly all the variability in y is

explained by a linear relationship between x and y.

In each of the following three plots the correlation coefficient 7 is
approximately 0.7 ....SEE [PQ] p.27



this proof fits on p.25,26 (bottom) Lecture 4/5

Proof of calculation formula

n n n n n
Szy = Z(wz‘—i)(yi—@) = Z T;YitY Z T;—T Z yq:—l-z Ty
i=1 i=1 i=1 i=1 i=1

n
Sey = Y TiYi + Y — Eny + nTy

1=1

n n
=1 =1



this proof fits on p.37,38 Lecture 4/5

Proof »r > —1

A=S &2 2 >
Z( Tm ij) 0
(@i 2)?  (yi—9)? , _(zi—Z)(yi— )
Sy
A=1+1+ \/Sww\/Syy 0



this proof fits on p.37,38 Lecture 4/5

Proof r < 1

T; — T 0
B = >
Z( T fyy) 0
(@2 (v —y)° (i — ) (Y — )
Sl
B:1+1_2\/Sm¢syy > 0

B=2-2>0



this proof fits on p.37,38 Lecture 4/5

Proof r(hx,y) = r(x,y)

Let h > 0, hx = (hxy, hxs, ..., hz,)
S(hxa Y) — h’S(Xv Y)

S(hx, hx) = h*S(x, x)

hS
hx,y) = =7 = r(x,
(hx,y) Jh75..8,. (%, y)
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Lecture 4/5 (P&Q pp. 25-30)

Linear regression

If the scatter plot indicates a linear pattern and if the correlation

coefficient is away from zero . We can fit a
choosing @ and ) to minimise the sum of squared

residuals:

M = Zef — Z(yz yz)z Z(yz — w’i)z

to find & and & we compute 2Mand 2Mnd set these equal to zero
P da ab g
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Example: Data on slide 2 of Lec.4

T = (2434+.--4+5+2)/13 =55/13 = 4.2308
7 = (2444 ---494+3)/13 =61/13 = 4.6923
Sew = 4+9+ ---+25+254+4—55°/13 =
Syy = 4+16+--- +4+81+9—61%2/13 = 112.7692
Sey = 4+12+ -+ +45+6—55 % 61/13 =
r = 48.9231/+/54.3077 X 112.7692 = 0.6252
= / =

= Yy — bx = 4.6923 — X 4.2308 =



Draw this p.31 Lecture 4/5

(2,2) (3.4) (7.9) (4.1) (4.2) (4.4) (3.,7) (7.5) (8.10) (1,3) (5.2) (5.9)
(2.3)



10

0.9

0.881

10




10

0.9

0.881

10







fits p.41,42 Lecture 4/5

Computing formula for 2 and b (proof)

M(a,b) =3, (yi — @ — bag)*

:ny—knaz—l— 2Z:z:?—l—Za DT —2a) Y — 2) T;Y;
%_J‘;I:zbsz 20> x; — 2> x;y; = 0,

b> 2 + S — 3wy = 0

b(Y a2 —ZY x) = Y xiyi — Yy yi/n

Sa:ac — Sacy 9 (2)
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In R

> cor(x,y)
[1] 0.6251551
> Im(y~x)
Intercept X
0.8810198 0.9008499
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Lecture 5/6 Linear regression (cont’)

Recall that the least squares regression line y = a + ba has a and
b chosen to minimise > " . e?, where e; = y; - i; and

Y; = a + bax;. The values of a and b are b = N and

a = y — bx. For the previous numerical example,we can now draw

the regression line on the scatterplot:
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The proportion of variability of y's explained by the regression on a
is 72 (proof next)Here,
S2
r’=_—"24 = = 0.39
SzaSyy

... so about 40% of the variability of the y's is explained by the x's
(line). it is a reasonable fit...



Lecture 5/6

The residualseq, ..., e, are computed from the data; here (2,2)
(3,4) (7,9) (4,1) (4.2) (4,4) (3,7) (7,5) (8,10) (1,3) (5,2) (5,9) (2,3) using

the regression line.

e.g ¥y —(0.881+0.9X x;) =2—(0.8814+0.9 X 2) =

The residualsshould be plotted against x4, ...,x, and should show
no pattern, and should be evenly distributed around the zero
horizontal line.



sfenpisal




Proportion of the variability of y's explained by x in least squares
regression. The variance of the y's is Sy, /(1 — 1).we will show
that the regression sum of squares is 3 ;" (9; — §)? = S,/ Saa.

we will show that
Syy = D i€+ > (9;i — y)? = Res SoS 4 Reg SoS Thus

(2
the variability of the y's is reduced from S, to the residual sum of

squares ... €3 and the proportional reduction is

2
S2 /Sua
Syy







Assessing the regression fit We concluse that the
linear-regression-fit is appropriate if

The residual plot shows no pattern

The residual boxplot is symmetric w.r.t 0 and the residuals histo-
gram is bell shaped.

The smaller the residuals IQR (or standard deviation) is the better
is the fit (larger r2)



Predictionlf the regression seems satisfactory then the y-values can
be predicted for given x-values by plugging in.Note that the new
x-values should not be too far away from the interval

(min x;, max x;).

Example (ctd.)

Recall for our example, the regression line of y on @ is

y = 0.881 + 0.9z

So for = 0 and 10 we predict y-values of ,



R commands

y.1lm=1m(y~x)

y.1lm.res=1m(y~x)3$res

plot(x,y.1lm.res)



boxplot(y.lm.res)

summary (y.lm.res)

hist(y.lm.res)



This proof fits p.39-42

Proof S,,, = Res SoS 4 Reg SoS
Sy = D (Wi — ) = > (v — y)*

= >y — 0:)7 + 22 (0 — 9)* + 20 (ys — 0:) (U — ¥)

2 (Yi — Ui)( —§)=Z (Vi—y) =(a—gy) Y ci+b) cix;

ei=Y,—a—bxr;=y;, —y+x—bux;
>.ei =2 (Yi—y)+n Xbx —b) x;

=>yi—nd > y/n+nxbx—nxbd x;/n=0



This proof fits p.39-42

2 (cimq)

Tie; = TiY; — XY + bxx; — O]

D iy Ti€i =

Vg — )@y Wh A (Y el — )
Z?:l Ti€; = Spy — (> wf — (Do =x3)?/n) =



This proof fits p.39-42

Proof > " (i — ¥)? = SZ,/Sas
r=gr=lot+ e=0F=0="8F @=0r

(i —9)° = (F — 2+ i — §)° = (2 — &) )

ST (G — §)? = (s — )2 )? = S

R _ 2
>(9i—9)° _ _ Say
Sow X






