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Continuous random variables

When the outcome of a random experiment is a measurement, this
outcome itself can be taken to be the associated rv, X .In this case
X is a variable which can take uncountably many values, x denoting
a typical value. p e.g. measuring height, weight on a continuous
scale... The only sensible value which can be given to P(X = x) is
zero, so that we need a different approach to that used for discrete
rv's.

Whereas the probability distribution {p;} was the basic object in the
discrete case,in the continuous case that role is played by the

‘probability density function’.
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Distribution function

This is defined for the continuous rv X, as in the discrete case, by
F(x) =P(X < x)
but the argument 2 is now continuous.

In the discrete case a distribution function is a STEP function

In the continuous case a distribution function is a SMOQOTH function
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Properties of the distribution function of a
continuous rv X

F(x)=P(X <z)=P(X < x),

P(X >xz)=1— F(x),

0< F(z) <1

If a < bthen P(a < X < b) = F(b) — F(a).

If a < b then F'(a) < F(b)
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Proof

Recall that if A C B then P(A) < P(B)

a<b {X <a} C{X <b}

P({X <a}) <P{X <b}) e

(X <bl={X<alU{X >anX <b} me.e
P(X <b)=P(X <a)+ P(a< X <b)
Pla< X <b)=F((b) —F(a) e

P X>z)=1—-PH{X>z}°)=1—P(X<xT) o
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ExampleThe rv X has distribution function F(x) = 0 for
r <0; F(x) =22 for0 < a <1and F(z) =1 for
z > 1Find P(; < X < 2).

P(§<X<§)=F(§)—F(§):\/g—\/gzo.u
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Probability density function
The expression F(mJ’h})L_F(w) can be interpreted as the average
‘density of probability’ over the interval (x,x 4+ h).Letting h — 0

gives the probability density function:

f(x) = F ().

Since a function is the integral of its derivative,

Pla< X <b) = f:f(a:) dx.

In our example: f(x) = 8%}(\/5) = %m_%,ﬂ <x<l.
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Properties of probability density function For any pdf f,

e f(x) > 0 forall x,
e [ f(x)dz =1

e |If X has pdf f, then for any region A,
P(X €A)= [, f(z)dw

e If X has pdf f, then for small §, P(x < X < x +4d) = 6 f(x)

o F(x) = [___ f(y)dy
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ExampleThe rv X has pdf f given by

f(x) = cre > for x > 0;0 for x <0

(A is a positive constant).

(¢) What value does c take?

(¢¢) Find the distribution function of X.
1 1

(i73) Calculate P(VX < X < ﬁ)

(iv) Sketch the pdf.
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Solution i) We find ¢ by solving [ f(x)dz = 1.

le'e) . 2
fo cre M dr =1

: : o) — X2
we change variable in [~ e " dx

u = %, du = 2z dx, x = \/u, du = 2\/udx

oo — 2 oo —\u e Mo
- xe ™ de = [ Jue M du/(2y/u) = [S]° =

1 |
— (—3x) = x

ThuscX%zlgivesc=2)\

2

The density is f(x) = 2 Az e, = > 0.
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Solution ii) The distribution function is
F(z) = [, 22u e~ dy = 2 | ue 2 duy

A similar change of variable as before (v = u?) gives

F(x) = 2)\2[e_>\ =1—e 22, 2> 0.

|||)P( s <X < \/IX) = F(ﬁ) — F(%)

1

—(1l—e™)—(1l—e?ix) =eT—e 1041

Lecture 11
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Mean and variance

These are defined by analogy with discrete rv's:
p=EX)= [zf(z)dz,

02 = B(X — p)? = [( — p)*f(z) da

= | @*f(x) dov — p* = E(X?) — (E(X))?
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Example:F(x) = &, 0<x <1.
The density is f(x) = 6%(\/5) = %:B_%, 0<x<1.

E(X)=["_zf(z)dx = folw%w_% dE 5:132 dx
3

B0 =yl =10 =

E(X?) = fol x? %w—% de = [ a2 da

0 2

—0) =

SR\
O p=t

B(X?) = 4[]8 = 4

Var(X) = E(X?) — (E(X))? =5 — (3)* =
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Chebyshev’s inequality

If a rv X has mean p and variance o2, then for any positive number
C,
P(|X — p| > co) <1/

Proof (continuous case)
I={|X—p|>co}={z:|z—p|>co} ={x: 228 >1}

P(IX — p| > co) = [, f(z)dz < [ 28 f(z)da

CO

P(IX — p| > co) < [C7H" f(z)dz = %

c2o02 c?
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R commands for density functions

p

Normal Z ~ N(0,1), ¢(x) = ﬁe% :  dnorm(x)

R commands for distribution functions
Normal Z ~ N (0,1)

®(z) =P(Z<z)=["__¢(z)dr: pnorm(x)
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Lecture 12: Normal random variables

This is the most important example of a continuous rv.lt is used to
model many physical and biological measurements, and also arises as
an approximation to a sum of independent rv's.

THE STANDARD NORMAL VARIABLE A standard result from

calculus shows that the function

2
e~ T /2

\V 2T ’

—o>xo < < oo

P(x) =
Is a pdf.

The rv Z with pdf ¢ is said to be a standard normal variable.
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Standard normal and useful identities

This rv is so important that special letters are usually reserved for
the rv (Z), for its pdf (¢) and for its distribution function (®).

P(Z <z)=®(z2) :/_Z o(x)dxr, —oco <z < o0
o p(—x) = ¢(x) (Symmetry w.r.t. 0)

o b(—x) =1—P(x) and P(|Z| < x) = 2P(x) — 1.

Proof P(|Z| <x)=1—-P(|Z|>2x)=1—P(Z>x2xUZ <
—Z)me. =1—P(Z >x) — P(Z < —x) =sym 1 —2P(Z >
r)=1—-21—-P(Z<x)=1—-—242%(x) =2P(x) — 1
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The Standard normal table—and R.No explicit closed-form
expression is available for ®(x), but ®(x) is available in R.
Example: Calculate

1. P(Z < 1.5) = pnorm(1.5) = 1.96

2. P(Z>—-08)=1—P(Z< —-0.8) =1 — pnorm(—0.8)
= 0.78

3.P(-1 < Z < 2) = P(Z < 2)—P(Z < —-1) =

pnorm(2) — pnorm(—1) = 0.977 — 0.841 = 0.136

4. P(|Z| €£1.96) =2P(Z <1.96) — 1 = 2pnorm(1.96) — 1
=2 X 0.975 —1 =0.95
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Standardized rv’'s

If X is an rv with mean @ and variance o2 > 0 then
X —p

(o)

Y =

Is called the standardized version of X.

Fact E(Y) = Oand var(Y) = 1.

Proof. E(X=£) = L(E(X)—pn)=20=0

(o (o

E(X;u)z _ E(?i;u)z _

Fact The standard normal rv Z has E(Z) = 0 and var(Z) = 1.
We write Z ~ N(0,1).
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Example Suppose X is uniform on (a,b). (a < b). Find the values
of a and b for which X is standardized.Solution. The uniform

density is constant (= c)over the interval (a, b).The value of c is

1

chosen so that the area of the rectangle is 1.Here ¢ = +—.

o?b _ bloa’ _ (bra)b—a) _ bia
2(b—a) 2(b—a) 2

E(X)—f r——dr =

So E(X)=0ifandonlyifa = —b

]b . b3 —a3

b
E(Xz) — f i _dw — 3(b—a)

b a

b3_ _b3 2
fa=—b, B(X?) =255 =%

So Var(x) = E(X?) = 1lifandonlyif b = /3
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The general normal variable

The normal variable X with mean p and variance % > 0 (we write
X ~N (u, 02)) is defined as the variable which, when
standardized, is M (0,1), i.e. X—p _ 7

o

Factlf X ~ N (u, 0'2) then its distribution function is

Fz) =P(X <z) =& (w—“).

o

Proof. Y = 2=£ ~ N(0,1), P(X <z)=P(cY +pu<

o

z) = P(Y < 2=8) = (224

(o (o
This simple relation between F'(x) and ®(x) is the reason why only the ‘standard

normal table' is (/was) needed...
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Example...In R o If X ~ N (5,42), find

1. P(X < 12) = pnorm(*272) = 0.96 (2dp)

Alternatively ‘P(X < 12) = pnorm(12,5,4)
0.96 (2dp)

2. P(X>0)=1—P(X<0)=1—pnorm(0,5,4)

0.53

4. P(—2< X <12) = ...

~
~/

Lecture 12

0.89

. P(—1 < X < 6) = pnorm(6,5,4) — pnorm(—1,5,4) =
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ExampleA machine is set to produce items of diameter 85 units,but
because of random variations the distribution of diameters produced
Is described by a normal variable

X ~ N(85,0.8%).

In a day’s production of 2000 items, about how many items will have
diameters

1. exceeding 85.6 units? Y =number of items with Diameter> 85.6

Y ~ B(2000, p)where p = the probability that one item will have
diameter exceeding 85.6 units.p = P(X > 85.6) = 1—P(X <
85.6) = 1 — pnorm(85.6,85,0.8) = 0.226 In one day there will
be (on average) about E(Y') = 2000 X 0.226 =~ 453 such items.
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2. not exceeding 83 units?The probability that one item will
have diameter not exceeding 83 units isP(X < 83) =
pnorm(83,85,0.8) = 0.0062In one day there will be (on ave-
rage) about E(Y) = 2000 X 0.0062 = 12 such items.

3. lying between 84.6 and 85.4 units?...765 such items
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The quantile function in R

The quantile function is the inverse of the distribution
function...that is if ¢, 0 < ¢ < 1is a fixed number. The quantile of
order ¢ of a rv X is the number x,, such that

P(X < z,) = a.

In R the gnorm() function gives quantiles for the standard normal,
for example:

gqnorm(0.95)=1.645 (3dp)

you can check
pnorm(1.645) =0.95 (3dp)





